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Àíîòàö³ÿ

Íà ïðèêëàä³ êëàñè÷íîãî â òåîð³¿ çâàðþâàëü-
íèõ íàïðóã ³ äåôîðìàö³é çàâäàííÿ ïðî ðîçðà-
õóíîê ìåòîäîì ñêëàäíèõ ïåðåòèí³â çàëèøêî-
âîãî íàïðóæåíî-äåôîðìîâàíîãî ñòàíó, ìàêñè-
ìàëüíîãî ïðîãèíó ³ ïîçäîâæíüîãî óêîðî÷åííÿ
äîñòàòíüî âóçüêî¿ ³ äîâãî¿ ñìóãè ïðè íàãð³â³ ¿¿
ïîçäîâæíüî¿ êðàéêè ïîêàçàíà ìîæëèâ³ñòü ³
äîö³ëüí³ñòü çàñòîñóâàííÿ ðîçðàõóíêîâî¿ ñõåìè
ìîãóòíüîãî ë³í³éíîãî äæåðåëà çâàðþâàëüíîãî
íàãð³âó çàì³ñòü ìåíø çðó÷íî¿ ðîçðàõóíêîâî¿
ñõåìè ðóõîìîãî ë³í³éíîãî äæåðåëà.

Äëÿ ïðèéíÿòèõ â ðîçðàõóíêàõ ïî÷àòêîâèõ
÷èñëîâèõ äàíèõ ùîäî ãåîìåòðè÷íèõ ðîçì³ð³â
ñìóãè ³ ïîãîííî¿ åíåðã³¿ íàãð³âó ¿¿ ïîçäîâæíüî¿
êðàéêè îòðèìàí³ ðåçóëüòàòè ðîçðàõóíêó äëÿ
âêàçàíèõ ñõåì íàãð³âó êðîìêè ðîçð³çíÿþòüñÿ
ì³æ ñîáîþ ïðèáëèçíî íà 0,5—0,6% ïî âåëè÷èí³
óñàäêîâî¿ ñèëè, çàëèøêîâîìó ïðîãèíó ³ ïîçäîâ-
æíüîìó óêîðî÷åííþ.

Abstract

On example of classical task in the theory of
welding stress and deformations about calculation
by method of complex sections of the residual
stress-deformation state, the maxi-mal flexure and
longitudinal shortening of sufficient narrow and
long bar at heating its longi-tudinal edge indicat-
ed the possibility and utility for application of cal-
culation model of pow-erful quick source for weld-
ing heating instead of not enough easy-to-use cal-
culation model of moving linear source.  

For accepted in calculations initial numerical
data about bar geometry and rate of energy input
its longitudinal edge the draw calculation  for
mentioned models of edge heating are accession

approximately onto 0,5—0,6% in magnitude of
shrinkage  force, residual flex-ure and longitudinal
shortening.

Îäíîì³ðí³ çâàðí³ êîíñòðóêö³¿ (ÎÇÊ) øèðîêî
âèêîðèñòîâóþòüñÿ ó áóä³âíèöòâ³, íà òðàíñïîðò³,
ìàøèíîáóäóâàíí³ òîùî. Ïîïåðå÷íèé ïåðåð³ç (íà-
äàë³ ïðîñòî ïåðåð³ç) ÎÇÊ ñêëàäàºòüñÿ ïåðåâàæíî
ç îðòîãîíàëüíî ðîçòàøîâàíèõ êîíñòðóêòèâíèõ
åëåìåíò³â ïðÿìîêóòíî¿ ôîðìè ³ â³äíîñíî íåâå-
ëèêî¿ òîâùèíè, ç åëåìåíò³â ïðîô³ëüíîãî ïðîêàòó
àáî ç ãíóòèõ åëåìåíò³â äåÿêîãî ïåðåð³çó. Îêðåì³
êîíñòðóêòèâí³ åëåìåíòè ÎÇÊ ç'ºäíóþòüñÿ ì³æ
ñîáîþ ïîçäîâæí³ìè øâàìè.

Çâàðþâàííÿ øâ³â ñïðè÷èíÿº óòâîðåííÿ
ïîçäîâæíüî¿ óñàäêè ìåòàëó çà ðàõóíîê éîãî
çàëèøêîâî¿ ïîçäîâæíüî¿ ïëàñòè÷íî¿ äåôîðìàö³¿
ñêîðî÷åííÿ â îêîë³ çâàðíèõ øâ³â. Ô³çè÷íà ä³ÿ íà
ÎÇÊ â³äíîñíîãî (íà îäèíèöþ äîâæèíè ÎÇÊ)
îá'ºìó çàëèøêîâîãî ïîçäîâæíüîãî ïëàñòè÷íîãî
ñêîðî÷åííÿ ìåòàëó â îêîë³ øâ³â ìîäåëþºòüñÿ äâî-
ìà ñóìàðíèìè óñàäî÷íèìè ñèëàìè, ïðèêëàäåíèìè
çóñòð³÷íî îäíà îäí³é äî òîðö³â ÎÇÊ ó òî÷êàõ
ïåðå-ð³çó, ÿê³ º öåíòðàìè âàãè îá'ºìó çàëèøêîâîãî
ïîçäîâæíüîãî ïëàñòè÷íîãî ñêîðî÷åííÿ. Ë³í³ÿ ä³¿
çóñòð³÷íèõ ñóìàðíèõ óñàäî÷íèõ ñèë ïàðàëåëüíà
ïîçäîâæí³é îñ³ ÎÇÊ, ó á³ëüøîñò³ âèïàäê³â ç íåþ
íå ñï³âïàäàº ³ öå ñòâîðþº íà ¿¿ åêñöåíòðèñèòåò³ ïî
â³äíîøåííþ äî ïîçäîâæíüî¿ îñ³ ÎÇÊ â³äïîâ³äíèé
çãèíàëüíèé ìîìåíò ³, îòæå, ïðîãèíè ÎÇÊ â³ä-
íîñíî ãîëîâíèõ îñåé ïåðåð³çó ÎÇÊ òà ñóìàðíèé
ïðîãèí ÎÇÊ â äåÿê³é ¿¿ ïîçäîâæí³é ïëîùèí³.

Äëÿ ðîçðàõóíêó çàëèøêîâîãî íàïðóæåíî-
äåôîðìîâàíîãî ñòàíó, ïîçäîâæíüîãî ñêîðî÷åííÿ
òà ïðîãèíó ïîçäîâæíüî¿ îñ³ ÎÇÊ ïðè çâàðþâàíí³
ïîçäîâæí³õ øâ³â ðîçðîáëåíà çíà÷íà ê³ëüê³ñòü



³íæåíåðíèõ ìåòîä³â [1—10], ñåðåä ÿêèõ íàéá³ëü-
øîþ òî÷í³ñòþ â³äð³çíÿºòüñÿ ìåòîä ñêëàäíèõ ïåðå-
ð³ç³â (ÌÑÏ) [8—10].

Îñê³ëüêè êîíñòðóêòèâí³ åëåìåíòè ïåðåð³çó
ÎÇÊ, ÿê çàçíà÷àëîñü âèùå, ìàþòü â³äíîñíî íåâå-
ëèêó òîâùèíó, òî ïðèïóñêàºòüñÿ, ùî ïðè çâàðþ-
âàëüíîìó íàãð³â³ òîâùèíà êîíñòðóêòèâíîãî åëå-
ìåíòà ïðîãð³âàºòüñÿ ð³âíîì³ðíî ³ òîìó ïðè ðîç-
ðàõóíêàõ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó çðó÷íî
âèêîðèñòîâóâàòè ðîçðàõóíêîâ³ ñõåìè ë³í³éíèõ
äæåðåë òåïëà. Äî òàêèõ ñõåì ë³í³éíèõ äæåðåë
òåïëà ïîñò³éíî¿ ïîòóæíîñò³ ç ð³âíîì³ðíèì ðîçïî-
ä³ëîì ¿¿ ïî òîâùèí³ ïëàñòèíè, ÿê³ ðóõàþòüñÿ ïðÿ-
ìîë³í³éíî ç ïîñò³éíîþ øâèäê³ñòþ, â òåîð³¿
òåïëîâèõ ïðîöåñ³â ïðè çâàðþâàíí³ [11] â³äíî-
ñÿòüñÿ äâ³ ñõåìè: ïîòóæíå øâèäêîä³þ÷å ë³í³éíå
äæåðåëî (ÏØËÄ) òåïëà ³ ðóõîìå ë³í³éíå äæåðåëî
(ÐËÄ) òåïëà.

Ç òî÷êè çîðó çðó÷íîñò³ âèêîðèñòàííÿ ïðè
ðîçðàõóíêàõ ñõåì ÏØËÄ òà ÐËÄ ïåðåâàãó òðåáà
â³ääàòè ñõåì³ ÏØËÄ, îñê³ëüêè àëãîðèòì ðîçðà-
õóíêó ïðè öüîìó ñóòòºâî ñïðîùóºòüñÿ. Â òîé æå
÷àñ ³ñíóº äóìêà [4], ùî ïðè çâàðþâàíí³ ìåòàëó
ìàëî¿ òîâùèíè ç ðó÷íèì äóãîâèì àáî ìåõàí³çî-
âàíèì ñïîñîáîì ó âóãëåêèñëîìó ÷è ³íåðòíîìó ãàç³
âèêîðèñòàííÿ äëÿ ðîçðàõóíê³â ñõåìè ÏØËÄ äàº
çíà÷íó ïîõèáêó ³ º íåïðèïóñòèìèì.

Îäíàê, ç âëàñíîãî äîñâ³äó ðîçðàõóíê³â òåìïå-
ðàòóðíèõ ïîë³â çà íàçâàíèìè ñõåìàìè àâòîðè íå
ïîì³òèëè ñóòòºâî¿ ð³çíèö³ ì³æ íèìè äëÿ îáëàñò³
çâàðíîãî ç'ºäíàííÿ ïîçàäó çâàðþâàëüíî¿ äóãè ³ öå
çóìîâèëî ïîñòàíîâêó äàíî¿ ðîáîòè äëÿ ïî÷àòêó íà
ïðèêëàä³ íàéïðîñò³øî¿ êëàñè÷íî¿ çàäà÷³ â òåîð³¿
çâàðþâàëüíèõ íàïðóæåíü òà äåôîðìàö³é ïðî
íàãð³âàííÿ ïîçäîâæíüî¿ êðàéêè äîâãî¿ øòàáè
ïðÿìîêóòíîãî ïîïåðå÷íîãî ïåðåð³çó.

Îòæå, ðîçãëÿíåìî çàäà÷ó ïðî ðîçðàõóíîê íà
îñíîâ³ ÌÑÏ çàëèøêîâîãî íàïðóæåíî-äåôîðìîâà-
íîãî ñòàíó, ïðîãèíó òà ïîçäîâæíüîãî ñêîðî÷åííÿ
øòàáè ïðÿìîêóòíîãî ïåðåð³çó B × δ ðîçì³ðàìè 
15 × 1 ñì çàâäîâæêè L = 1000 ñì ³ç ñòàë³ ÂÑò.3ñï ç
òàêèìè ìåõàí³÷íèìè òà òåïëîô³çè÷íèìè âëàñòè-
âîñòÿìè: ìîäóëü ïðóæíîñò³ E = 2,1×105 ÌÏà, ïðóæ-
íà äåôîðìàö³ÿ íà ð³âí³ ìåæ³ òåêó÷îñò³ εs = 12×10–4,
êîåô³ö³ºíò òåðì³÷íîãî ðîçøèðåííÿ α =12×10–6 1/°C,
êîåô³ö³ºíò òåïëîïðîâ³äíîñò³ λ =0,42 Äæ/(ñì ⋅ ñåê ⋅ °C),
êîåô³ö³ºíò ïîâåðõíåâî¿ òåïëîâ³ääà÷³ αÒ =6 × 10–3 Äæ/
(ñåê ⋅ ñì2 ⋅ °C), êîåô³ö³ºíò òåìïåðàòóðîïðîâ³äíîñò³
à = 0,08 ñì2/ñåê, îá'ºìíà òåïëîºìí³ñòü ñρ = 5,2 Äæ/
(ñì3 ⋅ °C).

Îäíà ç ïîçäîâæí³õ êðàéîê øòàáè íàãð³âàºòüñÿ
ðóõîìèì ç ïîñò³éíîþ øâèäê³ñòþ çâàðþâàëüíèì
äæåðåëîì òåïëà ç ïîãîííîþ åíåðã³ºþ íàãð³âó qn =
1,275 Äæ/ñì.

Íàãð³â çà ñõåìîþ ÏØËÄ. Ðîçãëÿíåìî âåðòè-
êàëüíî çîð³ºíòîâàíó øòàáó, ïîêàçàíó íà ðèñ. 1,
ë³âà êðàéêà ÿêî¿ íàãð³âàºòüñÿ çíèçó ââåðõ ðóõî-

ìèì äæåðåëîì òåïëà. Ïðÿìîêóòíó ñèñòåìó êîîð-
äèíàò XOY ç ïî÷àòêîì O ó òî÷ö³ ðîçì³ùåííÿ
äæåðåëà íàãð³âàííÿ îáèðàºìî òàê, ùîá  ¿¿ îñ³ X òà
Y â³äïîâ³äíî áóëè ñïðÿìîâàí³ âçäîâæ øòàáè ââåðõ
òà âïîïåðåê ïðàâîðó÷. 

Ïîâíà äåôîðìàö³ÿ íà ñòàä³¿ íàãð³âàííÿ εfh(y)=
g ⋅ y+d, ïàðàìåòðè g òà d ìàþòü ð³çí³ çíà÷åííÿ äëÿ
êîæíîãî ïîïåðå÷íîãî ïåðåð³çó â çàëåæíîñò³ â³ä
éîãî êîîðäèíàòè ïî îñ³ X. Äëÿ ïîïåðå÷íîãî ïåðå-
ð³çó, â ÿêîìó ïåðåòèíàþòüñÿ êðèâ³ Ãb òà Ãm ³
âèçíà÷àºòüñÿ bn, ïàðàìåòðè g òà d ïîçíà÷èìî ÿê gn
òà dn. Â³äñòàí³ â³ä îñ³ øâà s1 òà s2 âèçíà÷àþòü
ìàêñèìàëüí³ òåìïåðàòóðè 600 ³ 500°C. Çà ðîçðà-
õóíêàìè äëÿ íàøî¿ çàäà÷³ s1 = 1,891 ñì, s2 = 2,23 ñì.
Âèá³ð êîíô³ãóðàö³¿ ðîçðàõóíêîâîãî ïåðåð³çó âèç-
íà÷àºòüñÿ ìîæëèâ³ñòþ ïðåäñòàâëåííÿ ïðóæíî¿
äåôîðìàö³¿ ó éîãî òî÷êàõ òàêîþ ê³ëüê³ñòþ íåâ³-
äîìèõ, ÿê³ ìîæíà âèçíà÷èòè ðîçâ'ÿçàííÿì â³äïî-
â³äíî¿ ñèñòåìè ð³âíÿíü. Ç îãëÿäó íà öå, îáèðàºìî
ñêëàäíèé ëàìàíî-êðèâîë³í³éíèé ðîçðàõóíêîâèé
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Ðèñ. 1. Ñõåìà ðîçì³ùåííÿ ñêëàäíîãî ðîçðàõóíêîâîãî
ïåðåð³çó abcde ïðè íàãð³âàíí³ ë³âî¿ îêðàéêè äîâãî¿
øòàáè ïðÿìîêóòíîãî ïîïåðå÷íîãî ïåðåð³çó B × δ



ïåðåð³ç abcde (ðèñ. 1), äëÿ ÿêîãî ïðóæíà äåôîð-
ìàö³ÿ íà ãîðèçîíòàëüí³é ä³ëÿíö³ ab äîð³âíþº
íóëþ ç ïðè÷èíè çíåì³öíåííÿ ìàòåð³àëó âíàñë³äîê
âèñîêèõ òåìïåðàòóð, íà êðèâîë³í³éí³é ä³ëÿíö³ bc
çì³íþºòüñÿ â³ä íóëÿ äî –εs çà ë³í³éíèì çàêîíîì
â³ä êîîðäèíàòè y, íà êðèâîë³í³éí³é ä³ëÿíö³ cd
äîð³âíþº –εs, íà ãîðèçîíòàëüí³é ä³ëÿíö³ de
äîð³âíþº ð³çíèö³ ì³æ  ïîâíîþ ³ òåìïåðà-òóðíîþ
äåôîðìàö³ÿìè â çàëåæíîñò³ â³ä êîîðäèíàòè y. 

Âèçíà÷åííÿ øèðèíè bn. Ñêëàäàºìî ³ ðîçâ'ÿçóºìî
íàâåäåíó íèæ÷å â çàãàëüíîìó âèãëÿä³ ñèñòåìó (1)
³ç 3-õ  ð³âíÿíü, ÿêà ì³ñòèòü 2 ð³âíÿííÿ ð³âíîâàãè —
äëÿ îñüîâî¿ ñèëè ³ çãèíàëüíîãî ìîìåíòó òà ð³âíÿí-
íÿ, ùî º óìîâîþ ïëàñòè÷íîñò³ äëÿ ãðàíè÷íèõ
òî÷îê íà ìåæ³ y = bn çîíè ïëàñòè÷íèõ äåôîðìàö³é
ñêîðî÷åííÿ (ÇÏÄÑ): 

(1)

Ðîçãîðíóòèé âèãëÿä ñèñòåìè (1): 

(2)

,

ω = 4ab.

Çàëåæíîñò³ äëÿ äåôîðìàö³é. Íà îñíîâ³ ðîçâ'ÿ-
çàííÿ ñèñòåìè (2) ìîæíà çàïèñàòè äëÿ ñòàä³¿
íàãð³âàííÿ çàëåæíîñò³ äëÿ  òåìïåðàòóðíî¿ εθ(y) ³
ïðóæíî¿ εeh(y) äåôîðìàö³é ó òî÷êàõ ïåðåð³çó
abcde òà ïîâíî¿ äåôîðìàö³¿ εfh(y) ó òî÷êàõ ïîïå-
ðå÷íîãî ïåðåð³çó øòàáè, ÿêèé çá³ãàºòüñÿ ç ë³í³ºþ de: 

εfh(y) = gn ⋅ y + dn,               (3)

(4)

(5)

äå

Ãðàô³êè äåôîðìàö³é εfh(y), εθ(y), εeh(y) çà
çàëåæíîñòÿìè (3)…(5) ïîêàçàí³ íà ðèñ. 2.  

Âèçíà÷åííÿ êîîðäèíàò ðîçðàõóíêîâèõ òî÷îê íà
êðèâ³é Ãm(y). Äëÿ âèçíà÷åííÿ êîîðäèíàò ðîçðà-
õóíêîâèõ òî÷îê íà êðèâ³é Ãm(y) â ìåæàõ øèðèíè
bn ä³ëèìî ð³âíîì³ðíî íà ìàë³ ³íòåðâàëè îêðóãëåíå
çà äîïîìîãîþ ôóíêö³¿ "ceil" îáîëîíêè MathCAD äî
á³ëüøîãî ö³ëîãî ÷èñëà çíà÷åííÿ äîâæèíè â³äð³çêà
[bn–s2]. Ç ö³ºþ ìåòîþ ïðèéìàºìî yk = s2 + k ⋅ ∆s ³
çíàõîäèìî ξ = ceil[(bn–s2) ⋅ ∆s–1], ÿêå º ìàêñèìàëü-
íèì çíà÷åííÿì ïîòî÷íîãî ïàðàìåòðà k = 0…ξ. Äîâ-
æèíà ³íòåðâàëó ∆s çàãàëîì ïðèéìàºòüñÿ äîâ³ëüíî,
àëå òðåáà âèõîäèòè ç ì³ðêóâàíü ïëàâíîãî âèãëÿäó
êðèâèõ, ïîáóäîâàíèõ íà îñíîâ³ äàíèõ ðîçðàõóíê³â. 

Âåëè÷èíà yk âèçíà÷àº ÷àñ

â³ä ìîìåíòó ïåðåòèíó äæåðåëîì íàãð³âàííÿ ïåðå-
ð³çó ç êîîðäèíàòîþ yk =const. Ïàðàìåòð ω = 4ab. 

Âèçíà÷åííÿ çíà÷åíü ïîòî÷íèõ ïàðàìåòð³â  gk, dk

³ snk. Ç ö³ºþ ìåòîþ ñêëàäàºìî ³ ðîçâ'ÿçóºìî
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0

0

( ) 0,

( ) 0, .

( ) 0.

B
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ε
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
= 


+ = 
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
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∫
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n
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ñèñòåìó ³ç 3-õ ð³âíÿíü, âèêîðèñòîâóþ÷è ÷àñîâó
êîîðäèíàòó tk:

(6)

Ðîçãîðíóòèé âèãëÿä ñèñòåìè (6):

(7)

Âèçíà÷åííÿ ïîâíî¿ äåôîðìàö³¿
εfhm ó ðîçðàõóíêîâèõ òî÷êàõ
êðèâî¿ Ãm. Çà âèçíà÷åíèìè ³ç
ñèñòåìè (7) çíà÷åííÿìè gk ³ dk

ñòâîðþºìî âåêòîðè-ñòîâï÷èêè ïîâ-
íî¿ äåôîðìàö³¿ εfhm ó ðîçðàõóí-
êîâèõ òî÷êàõ êðèâî¿ Ãm, â ÿêèõ
âîíà ïåðåòèíàºòüñÿ ïîòî÷íèìè
ïîïåðå÷íèìè ïåðåð³çàìè, ùî
ìàþòü ïîòî÷í³ êîîðäèíàòè Ãmk.
Îòæå,                  äå ãîðèçîí-
òàëüíà ñòð³ëêà îçíà÷àº îïåðàö³þ
âåêòîðèçàö³¿ ìàòðè÷íî¿ àëãåáðè
MathCAD. Ãðàô³ê äåôîðìàö³¿ εfhm
ó òî÷êàõ íà êðèâ³é Ãm â ìåæàõ
³íòåðâàëó y ∈ [s2,bn] ïî øèðèí³
ÇÏÄÑ äëÿ íàøî¿ ìîäåëüíî¿ çàäà÷³
ïîêàçàíèé íà ðèñ. 3.

Çîáðàæåííÿ ïîëîæåííÿ êðèâèõ
Ãm òà Ãb íà ïëîùèí³ øòàáè âèçíà÷à-
ºòüñÿ çíà÷åííÿìè ïî îñ³ X êîîðäèíàò

äëÿ òî÷îê íà êðèâèõ Ãm òà Ãb ó
ïîòî÷íîìó ïåðåð³ç³ yk= const. Êîîð-
äèíàòàìè öèõ æå òî÷îê ïî îñ³ Y
â³äïîâ³äíî º âåëè÷èíè yk (äëÿ êðè-
âî¿ Ãm) òà çíàéäåí³ ³ç ñèñòåìè (7)
âåëè÷èíè snk (äëÿ êðèâî¿ Ãb). Çà
ïðîâåäåíèìè ðîçðàõóíêàìè âçàºì-
íå ðîçòàøóâàííÿ êðèâèõ Ãm òà Ãb
ïîêàçàíå íà ðèñ. 4. Òî÷êà ïåðåòèíó
êðèâèõ íàáëèæåíî ïðèéìàºòüñÿ çà
ãðàíèöþ bn çîíè ïëàñòè÷íèõ äå-
ôîðìàö³é ñêîðî÷åííÿ ³ âèçíà÷à-
ºòüñÿ ³ç ñèñòåìè (1). 
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Ðèñ. 2. Äåôîðìàö³¿ øòàáè íà ñòàä³¿ íàãð³âàííÿ: εθ(y) ³ εeh(y) ó ïåðåð³ç³
abcde (ïðîåêö³ÿ íà ïëîùèíó ïîïåðå÷íîãî ïåðåð³çó), εfh(y) — ó

ïîïåðå÷íîìó ïåðåð³ç³, ÿêèé çá³ãàºòüñÿ ç ë³í³ºþ de (ðèñ. 1)

Ðèñ. 3. Ðîçïîä³ë ïîâíî¿ äåôîðìàö³¿ ó òî÷êàõ êðèâî¿ Ãm íà ³íòåðâàë³ 
y ∈ [s2,bn]

Ðèñ. 4. Âçàºìíå ðîçòàøóâàííÿ êðèâèõ Ãm òà Ãb

0
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( , ) 0,

( , ) 0,     .

( , ) 0.
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Âèçíà÷åííÿ ìàêñèìàëüíèõ òåìïåðàòóð Tmk ó
ðîçðàõóíêîâèõ òî÷êàõ êðèâî¿ Ãm. Âèêîðèñòîâóþ÷è
çàëåæí³ñòü äëÿ ìàêñèìàëüíèõ òåìïåðàòóð ó òî÷-
êàõ êðèâî¿ Ãm ó âèãëÿä³ [10]

äå

³ çàçíà÷åí³ âèùå êîîðäèíàòè yk öèõ òî÷îê, çàïè-
øåìî â ê³íöåâîìó âèãëÿä³ ôîðìóëó äëÿ ìàêñè-
ìàëüíèõ òåìïåðàòóð Tmk íà êðèâ³é Ãm ç óðàõó-
âàííÿì ìîæëèâîãî ¿¿ ï³äâèùåííÿ ó òî÷êàõ ïîáëè-
çó ïðàâî¿ êðàéêè øòàáè çà ðàõóíîê â³äáèòòÿ â³ä
íüîãî òåïëîâîãî ïîòîêó:

äå

Âèçíà÷åííÿ ìàêñèìàëüíî¿ ïëàñòè÷íî¿ äåôîðìà-
ö³¿ ñêîðî÷åííÿ εph(y) ó ðîçðàõóíêîâèõ òî÷êàõ
êðèâî¿ Ãm. Âèõîäÿ÷è ³ç çàãàëüíîïðèéíÿòèõ óÿâ-

ëåíü ïðî ñêëàäîâ³ ïîâíî¿ äåôîð-
ìàö³¿ ó òî÷ö³, çàïèøåìî äëÿ ðîç-
ðàõóíêîâèõ òî÷îê êðèâî¿ Ãm íà
³íòåðâàë³ y ∈ [s2, bn] âåêòîðè-
ñòîâï÷èêè ìàêñèìàëüíî¿ ïëàñ-
òè÷íî¿ äåôîðìàö³¿ ñêîðî÷åííÿ ó
âèãëÿä³ εph = εfhm – α ⋅ Tm+ εs.

²íòåðïîëÿö³ÿ çàëåæíîñò³ äëÿ εph:
R = augment (y, εph), 

Ç³ñòàâëåííÿ êðèâèõ εph òà
fitεph(y) ïîêàçàíî íà ðèñ. 5. 

ßê áà÷èìî, çá³æí³ñòü êðèâèõ
ïîâíà, êîåô³ö³ºíò êîðåëÿö³¿ Ï³ðñî-
íà äëÿ âåêòîð³â εph òà fitεph(y)
äîð³âíþº îäèíèö³ (corr [εph,
fitεph(y)]=1). 

Ðîçïîä³ë òåìïåðàòóð Tmk ³
äåôîðìàö³é εph = εfhm — α ⋅ Tm+ εs

ó òî÷êàõ êðèâî¿ Ãm ïîêàçàíî íà
ðèñ. 6 òà 7.

Çàëèøêîâèé ñòàí. Çàçâè÷àé ïðè-
ïóñêàºìî, ùî ïîâí³ ïîçäîâæí³ çà-
ëèøêîâ³ äåôîðìàö³¿ εfr(y) = m ⋅ y+n
ó áóäü-ÿêîìó ïîïåðå÷íîìó ïåðå-
ð³ç³ øòàáè â³äïîâ³äàþòü çàêîíó
ïðÿìî¿ ë³í³¿. Ðîçðàõóíîê çàëèøêî-
âîãî íàïðóæåíî-äåôîðìîâàíîãî
ñòàíó ïîâ'ÿçàíèé ³ç ñêëàäàííÿì ³
ðîçâ'ÿçóâàííÿì ñèñòåìè ð³âíÿíü ç
ìåòîþ âèçíà÷åííÿ çíà÷åíü íåâ³-
äîìèõ ïàðàìåòð³â m ³ n ïîâíî¿
äåôîðìàö³¿ òà ïàðàìåòðà sr, ÿêèé º
øèðèíîþ çîíè ïëàñòè÷íèõ äåôîð-
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Ðèñ. 6. Ðîçïîä³ë ìàêñèìàëüíèõ òåìïåðàòóð ó òî÷êàõ êðèâî¿ Ãm

Ðèñ. 5. Ç³ñòàâëåííÿ êðèâèõ εph òà fitεph(y) (êðèâ³ çá³ãàþòüñÿ) 

Ðèñ. 7. Ðîçïîä³ë ìàêñèìàëüíèõ ïëàñòè÷íèõ äåôîðìàö³é
ñêîðî÷åííÿ ó òî÷êàõ êðèâî¿ Ãm íà ³íòåðâàë³ y ∈ [s2,bn]

( )
interp

0

0 1

 ,

( ) , , .

0 1K = cspline W ,W , y W

fit ph y (K,R R y)ε

=

=



ìàö³é âèäîâæåííÿ â îêîë³ îêðàéêà íà ñòàä³¿
îõîëîäæåííÿ. Ðîçðàõóíêîâà ñèñòåìà ð³âíÿíü ìàº
âèãëÿä:

(8)

Ðîçãîðíóòèé âèãëÿä ñèñòåìè (8):

(9)

Çàëåæíîñò³ äëÿ äåôîðìàö³é â çàëèøêîâîìó
ñòàí³. Íà îñíîâ³ ðîçâ'ÿçàííÿ ñèñòåìè (9) ìîæíà
çàïèñàòè çàëåæíîñò³ äëÿ  ïîâíî¿ εfr(y), ïðóæíî¿
εer(y) ³ ïëàñòè÷íî¿ εpr(y) äåôîðìàö³é ó òî÷êàõ
ïîïåðå÷íîãî ïåðåð³çó øòàáè â çàëèøêîâîìó ñòàí³: 

εfr(y) = m ⋅ y + n,                (10)

(11)

(12)

Ãðàô³êè äåôîðìàö³é εfr(y), εer(y), εpr(y) çà
çàëåæíîñòÿìè (10)…(12) ïîêàçàí³ íà ðèñ. 8. Äëÿ
çàëèøêîâîãî ñòàíó âåëè÷èíà óñàäî÷íî¿ ñèëè Pyc,
êîîðäèíàòà yPyc òî÷êè ïðèêëàäåííÿ óñàäî÷íî¿ ñèëè
äî òîðö³â øòàáè, åêñöåíòðèñèòåò ePyc ïðèêëàäåííÿ
óñàäî÷íî¿ ñèëè ïî â³äíîøåííþ äî öåíòðà ïåðåð³çó
øòàáè, çãèíàëüíèé ìîìåíò MPyc óñàäî÷íî¿ ñèëè,
ìîìåíò ³íåðö³¿ I ïåðåð³çó øòàáè, ìàêñèìàëüíèé
ïðîãèí f øòàáè íà äîâæèí³ L âèçíà÷àþòüñÿ
çàëåæíîñòÿìè: 

(13)

(14)

ePyc = 0.5 ⋅ B — yPyc,             (15) 

MPyc = Pyc ⋅ ePyc,                (16)

(17)

(18)

Äëÿ ìîäåëüíî¿ ÷èñëîâî¿ çàäà÷³ ìàºìî: Pyc =
161,3 êÍ, yPyc = 1,38 ñì, åPyc = 6,12 ñì, ÌPyc =
986,9 êÍ ⋅ ñì, ² = 281,25 ñì4. Ïðîãèí f íà äîâæèí³
L=1000 ñì äîð³âíþº 20,888 ñì. Ïîçäîâæíº ñêîðî-
÷åííÿ øòàáè ïî îñüîâ³é ë³í³¿ íà ò³é æå äîâæèí³
ñêëàäàº 0,512 ñì.

Íàãð³â çà ñõåìîþ ÐËÄ. Çàëåæí³ñòü äëÿ òåìïå-
ðàòóðè ïðè íàãð³âàíí³ çà ñõåìîþ ÐËÄ ì³ñòèòü â
ñîá³ ôóíêö³þ Áåññåëÿ K0 äðóãîãî ðîäó íóëüîâîãî
ïîðÿäêó â³ä óÿâíîãî àðãóìåíòó ³ ìàº âèãëÿä [11]:  

(19)

äå                                  ω = 4ab,

qn — ïîãîííà åíåðã³ÿ çâàðþâàííÿ
v — øâèäê³ñòü çâàðþâàííÿ; δ —
òîâùèíà ïëàñòèíè; λ — êîåô³ö³ºíò
òåïëîïðîâ³äíîñò³; a — êîåô³ö³ºíò
òåìïåðàòóðîïðîâîäíîñò³; b — êîå-
ô³ö³ºíò òåìïåðàòóðîâ³ääà÷³.

Îñê³ëüêè ôóíêö³ÿ K0 íå çàäàíà
â àíàë³òè÷íîìó âèãëÿä³, òî íåìîæ-
ëèâî çä³éñíèòè àíàë³òè÷íå ³íòå-
ãðóâàííÿ ³ îòðèìàòè â àíàë³òè÷íî-
ìó âèãëÿä³ çàëåæíîñò³ äëÿ êðèâî¿
ìàêñèìàëüíèõ òåìïåðàòóð Tm(y)
òà ¿¿ ïðîåêö³¿ Ãm(y) íà ïëîùèíó
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Ðèñ. 8. Ðîçïîä³ë ïîâíèõ εfr(y), ïðóæíèõ εer(y) ³ ïëàñòè÷íèõ εpr(y)
äåôîðìàö³é ó ïîïåðå÷íîìó ïåðåð³ç³ øòàáè â çàëèøêîâîìó ñòàí³
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ç'ºäíàííÿ çà â³äîìèì àëãîðèòìîì, âèêîðèñòàíèì ó
âèïàäêó çàñòîñóâàííÿ ñõåìè ÏØËÄ. Òàê³ êðèâ³
íåîáõ³äí³ äëÿ ñêëàäàííÿ ³ ðîçâ'ÿçóâàííÿ ñèñòåì
ð³âíÿíü, ùî ðåàë³çóþòü àëãîðèòì âèçíà÷åííÿ ôó-
íêö³¿ óñàäêè. Ì³æ òèì, âèð³øèòè ö³ ïèòàííÿ
ìîæíà øëÿõîì çíàõîäæåííÿ çàñîáàìè MathCAD
³íòåðïîëÿö³éíèõ çàëåæíîñòåé fitÃm(y) äëÿ êðèâî¿
Ãm(y) òà fitTm(y) äëÿ êðèâî¿ Tm(y).

Çíàõîäæåííÿ ³íòåðïîëÿö³éíî¿ çàëåæíîñò³ fitÃm(y)
äëÿ êðèâî¿ Ãm(y), ÿêà º ïðîåêö³ºþ íà ïëîùèíó
øòàáè ïðîñòîðîâî¿ êâàç³ñòàö³îíàðíî¿ êðèâî¿ ìàê-
ñèìàëüíèõ òåìïåðàòóð Tm(y). Ó ïðèíöèïîâîìó
â³äíîøåíí³ àëãîðèòì âèçíà÷åííÿ ³íòåðïîëÿö³éíî¿
çàëåæíîñò³ fitÃm(y) äëÿ êðèâî¿ Ãm(y) ðîçðîáëåíèé
ó ðîáîò³ [10]. Â äàíîìó âèïàäêó âèêîðèñòàºìî
éîãî äëÿ ðîçâ'ÿçàííÿ çàäà÷³ ïðî íàãð³âàííÿ îäí³º¿
ç ïîçäîâæí³õ êðàéîê øòàáè ç óðàõóâàííÿì â³ä-
áèòòÿ òåïëîâîãî ïîòîêó â³ä ïîçäîâæíüî¿ êðàéêè
øòàáè, ïðîòèëåæíî¿ ò³é, ùî íàãð³âàºòüñÿ. Ç ö³ºþ
ìåòîþ ôîðìóëó (19), â³äïîâ³äíî äîïîâíåíó äëÿ
óðàõóâàííÿ â³äáèòòÿ òåïëîâîãî ïîòîêó â³ä êðàéêè
øòàáè, ïðîòèëåæíî¿ ò³é, ùî íàãð³âàºòüñÿ, ïåðåïè-
øåìî ó ìàòðè÷íîìó âèãëÿä³ ³ âèêîíàºìî ðîçðà-
õóíîê òåìïåðàòóð äëÿ ìàñèâó òî÷îê â äåÿêîìó
îêîë³ äæåðåëà íàãð³âàííÿ, îáðàâøè íàëåæíèì
÷èíîì ãðàíèö³ çì³íè ïîòî÷íèõ ³íäåêñ³â i, j òà øàã
çì³íè êîîðäèíàò xi, yj òî÷îê ó âèçíà÷åí³é çîí³: 

Êîæíîìó çíà÷åííþ êîîðäèíàòè yj â³äïîâ³äàº
âåêòîð-ñòîâï÷èê çíà÷åíü Ti äëÿ ð³çíèõ êîîðäèíàò
xi âçäîâæ íàãð³òî¿  ÷àñòèíè êðàéêè. Çà äîïîìîãîþ
ìàòðè÷íî¿ ôóíêö³¿ ïîøóêó ìàêñèìàëüíîãî çíà÷åí-
íÿ ñåðåä åëåìåíò³â âåêòîðà-ñòîâï÷èêà çíàéäåìî
ìàêñèìàëüí³ òåìïåðàòóðè                     ïî øè-
ðèí³ øòàáè â ìåæàõ âèáðàíèõ çíà÷åíü yj. Çà äî-
ïîìîãîþ ïðîãðàìè

äå                            

âèä³ëèìî ³ç ìàòðèö³ T ³íøó ìàòðèöþ T1, ó ÿê³é âñ³
åëåìåíòè äîð³âíþþòü íóëþ, çà âèêëþ÷åííÿì òèõ,
ùî ìàþòü ìàêñèìàëüí³ òåìïåðàòóðè Tm. ²ç çíà-
÷åíü ïîòî÷íîãî ³íäåêñó i ñòâîðèìî åëåìåíòè Hi = i
âåêòîðà-ñòîâï÷èêà H. Çà äîïîìîãîþ ôóíêö³¿ 
"augment" îá'ºäíàííÿ äâîõ ìàòðèöü â îäíó
ñòâîðèìî ³ç âåêòîð³â-ñòîâï÷èê³â H òà      íîâó
ìàòðèöþ augment ÿêó çà äîïîìîãîþ 
ôóíêö³¿ "csort" â³äñîðòóºìî çà åëåìåíòàìè ïåð-
øîãî ñòîâï÷èêà ó ïîðÿäêó ¿õíüîãî çðîñòàííÿ
çâåðõó âíèç

. (20)

Îñê³ëüêè ³íäåêñ îñòàííüîãî ðÿäó ìàòðèö³ (20)
äîð³âíþº çíà÷åííþ last (H) îñòàííüîãî åëåìåíòà
âåêòîðà-ñòîâï÷èêà H, òî ìîæíà çíàéòè çíà÷åííÿ

îñòàííüîãî

åëåìåíòà íóëüîâîãî ñòîâï÷èêà ìàòðèö³ (20), ÿêå ó
ñâîþ ÷åðãó áóäå äîð³âíþâàòè çíà÷åííþ ïîòî÷íîãî
³íäåêñó i (ïî-³íøîìó, êîîðäèíàòè xS) äëÿ êîæíîãî
³íäåêñó j (ïî-³íøîìó, êîîðäèíàòè yj), íà ïåðåòèí³
ÿêèõ ìàºìî äåÿêå çíà÷åííÿ Tm. Åëåìåíòè Ãmj =
âåêòîðà-ñòîâï÷èêà Ãm º êîîðäèíà-òàìè x ïî äîâ-

æèí³ ç'ºäíàííÿ, äëÿ ÿêèõ ìàºìî
Tm ≠ 0. Äàë³ ³ç âåêòîð³â-ñòîâï÷èê³â
y òà Ãm ñòâîðþºìî îá'ºäíàíó
ìàòðèöþ M=augment (y, Ãm)
â³äïîâ³äíèõ çíà÷åíü êîîðäèíàò y
òà Ãm äëÿ òî÷îê íà êðèâ³é Ãm.
Ïîáóäîâàíà çà òàêèì àëãîðèòìîì
êðèâà Ãm äëÿ ë³í³éíîãî äæåðåëà
íàãð³âàííÿ ç ïîãîííîþ åíåðã³ºþ 
qn = 1,275 × 104 Äæ/ñì, ùî ðóõà-
ºòüñÿ ç³ øâèäê³ñòþ v = 0,5 cì/ñåê
âçäîâæ ë³âî¿ êðàéêè øòàáè ³ç ñòàë³
ÂÑò.3ñï çàâäîâæêè L = 1000 cì,
çàâøèðøêè B = 15 cì ³ çàâòîâøêè
δ = 1 cì, ïîêàçàíà íà ðèñ. 9.
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Ðèñ. 9. Êðèâ³ Ãm òà fitÃm (y) (êðèâ³ çá³ãàþòüñÿ)
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x



²íòåðïîëÿö³ÿ êðèâî¿ Ãm(y):    

.

Ç³ñòàâëåííÿ êðèâî¿ Ãm ç ³íòåðïîëÿö³éíîþ êðè-
âîþ fitÃm(y) òàêîæ ïîêàçàíî íà ðèñ. 9. ßê áà÷èìî,
êðèâ³ çá³ãàþòüñÿ, ùî ï³äòâåðäæóºòüñÿ ³ êîåô³ö³ºí-
òîì êîðåëÿö³¿ Ï³ðñîíà âåêòîð³â Ãm òà fitÃm(y),
ÿêèé äîð³âíþº îäèíèö³ (corr [Ãm, fitÃm(y)]=1).

Çíàõîäæåííÿ ³íòåðïîëÿö³éíî¿ çàëåæíîñò³ fitTm(y).
Àëãîðèòì çíàõîäæåííÿ çàëåæíîñò³ fitTm(y) â çàãà-
ëüíîìó âèãëÿä³ òàêîæ ðîçðîáëåíèé ó ðîáîò³ [10].
Àäàïòóºìî éîãî äî âèïàäêó íàãð³âàííÿ êðàéêè
øòàáè. Âåêòîð-ñòîâï÷èê Tmj =          âèçíà÷àº
ðîçïîä³ë ìàêñèìàëüíèõ òåìïåðàòóð Tm ïî ïîïå-
ðå÷íîìó ïåðåð³çó øòàáè. Êðèâà Tm ïîêàçàíà íà
ðèñ. 10.

²ç âåêòîð³â-ñòîâï÷èê³â y òà Tm ñòâîðþºìî
ìàòðèöþ W: = augment (y, Tm).

²íòåðïîëÿö³ÿ êðèâî¿ Tm:                           ,

.
Ç³ñòàâëåííÿ êðèâî¿ Tm ç ³íòåðïîëÿö³éíîþ êðè-

âîþ fitTm(y) òàêîæ ïîêàçàíî íà ðèñ. 10. Çá³æí³ñòü
êðèâèõ ïîâíà, êîåô³ö³ºíò êîðåëÿö³¿ Ï³ðñîíà âåê-
òîð³â Tm òà fitTm(y) äîð³âíþº îäèíèö³ (corr [Tm,
fitTm(y)]=1).

Âèçíà÷åííÿ ïàðàìåòð³â bn, gn ³ dn íà ñòàä³¿
íàãð³âàííÿ. Ç ö³ºþ ìåòîþ ñêëàäàºìî ³ ðîçâ'ÿçóºìî
íàñòóïíó ñèñòåìó ð³âíÿíü, çàãàëüíèé âèãëÿä ÿêî¿
ñï³âïàäàº ç ñèñòåìîþ (1):

(21)

Ðîçãîðíóòèé âèãëÿä ñèñòåìè (21): 

(22)

äå

.

Çàëåæíîñò³ äëÿ äåôîðìàö³é íà ñòà-
ä³¿ íàãð³âàííÿ. Ðåçóëüòàòè ðîçâ'ÿçàí-
íÿ ñèñòåìè (22) ó âèãëÿä³ çíàéäåíèõ
íåâ³äîìèõ bn, gn òà dn äàþòü ìîæëè-
â³ñòü çàïèñàòè ìàòåìàòè÷í³ çàëåæíîñ-
ò³ äëÿ òåìïåðàòóðíî¿ εθ(y) ³ ïðóæíî¿
εeh(y) äåôîðìàö³¿ ó òî÷êàõ ïåðåð³çó
abcde òà ïîâíî¿ äåôîðìàö³¿ εfh(y) ó
òî÷êàõ ïîïåðå÷íîãî ïåðåð³çó ïî ë³í³¿ cd:

εfh(y) = gn ⋅ y + dn,        (23)  

(24)

(25)  

Ãðàô³êè äåôîðìàö³é çà çàëåæíîñ-
òÿìè (23)…(25) ïîêàçàí³ íà ðèñ. 11.
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Ðèñ. 11. Ïîçäîâæí³ äåôîðìàö³¿ øòàáè íà ñòàä³¿ íàãð³âàííÿ

( )
( )

0 1 0

0 1

: , ,  : ,  

( ) interp , , ,

K cspline M M y M

fit m y K M M y

= =

Γ =

( )max jT

( )
( )

0 1

0 0 1

                                     : ,  

: ,   ( ) : interp , , ,

K cspline W W

y W fitTm y K W W y

=

= =

Ðèñ. 10. Ðîçïîä³ë ìàêñèìàëüíèõ òåìïåðàòóð ïî øèðèí³ øòàáè:
ñóö³ëüíà êðèâà Tm — çà ìàòðè÷íèì ðîçðàõóíêàìè; øòðèõîâà êðèâà

fitTm(y) — ³íòåðïîëÿö³ÿ êðèâî¿ Tm (êðèâ³ çá³ãàþòüñÿ)
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Âèçíà÷åííÿ êîîðäèíàò ðîçðàõóíêîâèõ òî÷îê íà
êðèâ³é Ãm(y). Ç ö³ºþ ìåòîþ çíàéäåìî ìàêñèìàëüíå
çíà÷åííÿ ξ ïîòî÷íîãî ïàðàìåòðà k äëÿ ïðèéíÿòîãî
çàêîíó çì³íè êîîðäèíàò yk íà êðèâ³é Ãm(y). Â³ä-
ïîâ³äí³ ìàòåìàòè÷í³ çàëåæíîñò³ ìàþòü âèãëÿä: ξ =
round(bn, 1) ⋅ ∆s–1, ∆s = 0,1 ñì, k = 0…ξ,  yk= s2 + k ⋅ ∆s.
Âåëè÷èíà yk âèçíà÷àº êîîðäèíàòó xk = fitÃm(yk) =
const ïî îñ³ X äëÿ ïîòî÷íîãî ïîïåðå÷íîãî ïåðåð³çó
ç ðîçòàøîâàíèì â íüîìó â³äð³çêîì snk, ÿêèé º
àíàëîãîì â³äð³çêà bn.

Âèçíà÷åííÿ ïîòî÷íèõ ïàðàìåòð³â gk, dk ³ snk.
Äëÿ âèçíà÷åííÿ ïîòî÷íèõ ïàðàìåòð³â snk, gk, dk

ñêëàäàºìî ³ ðîçâ'ÿçóºìî òàêó ñèñòåìó 3-õ ð³âíÿíü
ó çàãàëüíîìó âèãëÿä³, âèêîðèñòîâóþ÷è ïîòî÷íó
êîîðäèíàòó xk= fitÃm(yk), äå yk= s2 + k ⋅ ∆s, k = 0… ξ,
ξ = round(bn, 1) ⋅ ∆s–1, ∆s = 0,1 ñì:

(26)

Ðîçãîðíóòèé âèãëÿä ñèñòåìè (26) 

(27) 

äå

.

Çíà÷åííÿ ïîòî÷íèõ êîîðäèíàò
äëÿ êðèâèõ Ãb òà Ãm ïî îñ³ X
â³äïîâ³äíî Ãbk= xk òà Ãmk= fitÃm(yk),
ïî îñ³ Y — snk òà yk. Ãðàô³êè
ðåàëüíî ðîçðàõîâàíèõ êðèâèõ Ãb
òà Ãm ïîêàçàí³ íà ðèñ. 12. 

Âèçíà÷åííÿ ïîâíî¿ äåôîðìàö³¿
εfhm ó ðîçðàõóíêîâèõ òî÷êàõ
êðèâî¿ Ãm. Íà îñíîâ³ çíàéäåíèõ ³ç
ñèñòåìè (3.6) ïàðàìåòð³â ïîâíî¿

äåôîðìàö³¿ gk, dk, à òàêîæ ïðèéíÿòèõ âèùå çíà-
÷åíü yk = s2 + k ⋅ ∆s ñòâîðþºìî âåêòîðè-ñòîâï÷èêè 

ïîâíî¿ äåôîðìàö³¿                        ó ðîçðàõóíêîâèõ
òî÷êàõ êðèâî¿ Ãm. Ãðàô³ê ðîçïîä³ëó ïîâíî¿
äåôîðìàö³¿ εfhm ó ðîçðàõóíêîâèõ òî÷êàõ êðèâî¿
Ãm ïî øèðèí³ bn ïîêàçàíî íà ðèñ. 13.

Âèçíà÷åííÿ ìàêñèìàëüíèõ òåìïåðàòóð Tmk ó
ðîçðàõóíêîâèõ òî÷êàõ êðèâî¿ Ãm. Íà îñíîâ³ ³íòåð-
ïîëÿö³éíî¿ çàëåæíîñò³ fitTm(y) ñòâîðþºìî âåêòîðè-
ñòîâï÷èêè ìàêñèìàëüíèõ òåìïåðàòóð Tm = fitTm(y)
ó ðîçðàõóíêîâèõ òî÷êàõ êðèâî¿ Ãm.

Âèçíà÷åííÿ ìàêñèìàëüíî¿ ïëàñòè÷íî¿ äåôîðìà-
ö³¿ ñêîðî÷åííÿ εph ó ðîçðàõóíêîâèõ òî÷êàõ êðèâî¿
Ãm.  Ç â³äîìî¿ çàëåæíîñò³ äëÿ ïîâíî¿ äåôîðìàö³¿ ó
òî÷ö³ ò³ëà ñòâîðþºìî âåêòîðè-ñòîâï÷èêè ìàêñè-
ìàëüíî¿ ïëàñòè÷íî¿ äåôîðìàö³¿ ñêîðî÷åííÿ εph =
εfhm — α ⋅ Tm + εs ó òî÷êàõ êðèâî¿ Ãm.

Ãðàô³êè ðîçïîä³ëó êðèâèõ Tm ³ εph ïî øèðèí³
bn, îá÷èñëåíèõ çà çàëåæíîñòÿìè Tm = fitTm(y) òà
εph =εfhm — α ⋅ Tm + εs, ïîêàçàí³ íà ðèñ. 14, 15.

²íòåðïîëÿö³ÿ çàëåæíîñò³ εph =εfhm — α ⋅ Tm + εs:
R = augment (y, εph),

Ç³ñòàâëåííÿ êðèâèõ εph òà fitεph(y) ïîêàçàíî íà
ðèñ. 16. Âèäíî, ùî êðèâ³ εph òà fitεph(y)  ïîâí³ñòþ
çá³ãàþòüñÿ, ùî òàêîæ ï³äòâåðäæóºòüñÿ çíà÷åííÿì
êîåô³ö³ºíòà êîðåëÿö³¿ Ï³ðñîíà äëÿ âåêòîð³â εph
òà fitεph(y), ÿêèé äîð³âíþº îäèíèö³ (corr[εph,
fitεph(y)]=1) .

Çàëèøêîâèé ñòàí. Äëÿ áóäü-ÿêîãî ïîïåðå÷íîãî
ïåðåð³çó ñåðåäíüî¿ ÷àñòèíè ïî äîâæèí³ øòàáè
â³äïîâ³äíî äî ã³ïîòåçè ïëîñêèõ ïåðåð³ç³â ïîâíà
äåôîðìàö³ÿ εfr(y) = m ⋅ y + n. 
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Ðèñ. 13. Ðîçïîä³ë ïîâíî¿ äåôîðìàö³¿ εfhm ó ðîçðàõóíêîâèõ òî÷êàõ 
êðèâî¿ Ãm ïî øèðèí³ bn

Ðèñ. 12. Âçàºìíå ðîçì³ùåííÿ êðèâèõ Ãb òà Ãm
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Çàãàëüíèé âèãëÿä âèçíà÷àëüíî¿ ñèñòåìè ð³âíÿíü:

(28)

Ðîçãîðíóòèé âèãëÿä ñèñòåìè (28): 

(29)

äå sr — øèðèíà çîíè ïëàñòè÷íèõ
äåôîðìàö³é âèäîâæåííÿ íà ñòàä³¿
îõîëîäæåííÿ.

Ðåçóëüòàòîì ðîçâ'ÿçàííÿ ñèñòå-
ìè (29) º çíà÷åííÿ ïàðàìåòð³â m ³
n ïîâíî¿ äåôîðìàö³¿ â çàëèøêî-
âîìó ñòàí³ òà ïàðàìåòðà sr, ÿêèé º
øèðèíîþ çîíè ïëàñòè÷íèõ äåôîð-
ìàö³é âèäîâæåííÿ â îêîë³ ïîçäîâ-
æíüî¿ êðàéêè íà ñòàä³¿ îõîëîäæåííÿ.

Çàëåæíîñò³ äëÿ äåôîðìàö³é â
çàëèøêîâîìó ñòàí³. Íà îñíîâ³
ðîçâ'ÿçàííÿ ñèñòåìè (29) ìîæíà
çàïèñàòè çàëåæíîñò³ äëÿ ïîâíî¿
εfr(y), ïðóæíî¿ εer(y) ³ ïëàñòè÷íî¿
εpr(y) äåôîðìàö³é ó òî÷êàõ ïîïå-
ðå÷íîãî ïåðåð³çó øòàáè â çàëèø-
êîâîìó ñòàí³:

εfr(y) = m ⋅ y + n,         (30)

(31)

(32)

Ãðàô³êè äåôîðìàö³é εfr(y), εer(y),
εpr(y) çà çàëåæíîñòÿìè (30)…(32)
ïîêàçàí³ íà ðèñ. 17.

Äëÿ çàëèøêîâîãî ñòàíó âåëè÷è-
íà óñàäî÷íî¿ ñèëè Pyc, êîîðäèíàòà

yPyc òî÷êè ïðèêëàäåííÿ óñàäî÷íî¿ ñèëè äî òîðö³â
øòàáè, åêñöåíòðèñèòåò ePyc ïðèêëàäåííÿ óñàäî÷-
íî¿ ñèëè ïî â³äíîøåííþ äî öåíòðà ïåðåð³çó øòàáè,
çãèíàëüíèé ìîìåíò MPyc óñàäî÷íî¿ ñèëè, ìîìåíò
³íåðö³¿ I ïåðåð³çó øòàáè, ìàêñèìàëüíèé ïðîãèí f
øòàáè íà äîâæèí³ L âèçíà÷àþòüñÿ çàëåæíîñòÿìè:
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Ðèñ. 15. Ðîçïîä³ë ìàêñèìàëüíèõ ïëàñòè÷íèõ äåôîðìàö³é
ñêîðî÷åííÿ εph íà êðèâ³é Ãm

Ðèñ. 14. Ðîçïîä³ë ìàêñèìàëüíèõ òåìïåðàòóð Tm íà êðèâ³é Ãm

Ðèñ. 16. Ç³ñòàâëåííÿ êðèâèõ εph òà fitεph(y) (êðèâ³ çá³ãàþòüñÿ)

Ðèñ. 17. Ðîçïîä³ë äåôîðìàö³é εfr(y), εer(y) òà εpr(y) ïî øèðèí³ øòàáè
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(33)  

(34)

ePyc = 0.5 ⋅ B — yPyc,              (35) 

MPyc= Pyc ⋅ ePyc,                 (36)

(37)  

(38)

Äëÿ ìîäåëüíî¿ çàäà÷³ ìàºìî: Pyc=162,2 êÍ, 
yPyc = 1,384 ñì, ePyc = 6,116 ñì, MPyc = 991,8 êÍ ⋅ ñì,
² = 281,25 ñì4. Ïðîãèí f íà äîâæèí³ L = 1000 ñì
äîð³âíþº 20,991 ñì. Ïîçäîâæíº ñêîðî÷åííÿ øòàáè
ïî îñüîâ³é ë³í³¿ íà ò³é æå äîâæèí³ ñêëàäàº 0,515 ñì.

Âèñíîâîê
Äëÿ øòàáè âèáðàíèõ ðîçì³ð³â ³ ïðèéíÿòîãî

ðåæèìó íàãð³âó ïîçäîâæíüî¿ êðàéêè ðåçóëüòàòè
ðîçðàõóíê³â çà ñõåìàìè äæåðåëà òåïëà ÏØËÄ ³
ÐËÄ â³äð³çíÿþòüñÿ ì³æ ñîáîþ äëÿ óñàäî÷íî¿ ñèëè
³ ïîçäîâæíüîãî ñêîðî÷åííÿ ïðèáëèçíî íà 0,6%, à
äëÿ çàëèøêîâîãî ïðîãèíó ïðèáëèçíî íà 0,5%. Äëÿ
³íøèõ ðîçì³ð³â øòàáè àáî ³íøèõ ÎÇÊ òà ³íøèõ
ðåæèì³â çâàðþâàííÿ ìîæëèâ³ á³ëüø çíà÷í³
ðîçá³æíîñò³ ðåçóëüòàò³â ðîçðàõóíêó, àëå çàãàëîì
íåìàº âàãîìèõ ï³äñòàâ î÷³êóâàòè ñóòòºâî ð³çíèõ
ðåçóëüòàò³â. Òàêèì ÷èíîì, àâòîðè ñõèëüí³ äî
âèñíîâêó ïðî ìîæëèâ³ñòü çàì³íè ñõåìè ÐËÄ íà
ñõåìó ÏØËÄ ïðè ðîçðàõóíêàõ çàëèøêîâèõ
íàïðóæåíî-äåôîðìîâàíîãî ñòàíó, ïðîãèíó òà
ïîçäîâæíüîãî ñêîðî÷åííÿ ÎÇÊ ïðè çâàðþâàíí³
ïîçäîâæí³õ øâ³â.
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